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ABSTRACT
The following theorem is proven. Let M be a closed, orientable, irreducible
3-manifold such that rank Hy (M, Z/pZ) > 3 for some prime p. Then either
m1 (M) is virtually solvable or it contains a free group of rank 2.

Introduction

The purpose of this paper is to sharpen results of Shalen-Wagreich [9] and Tu-
raev [11]. In Theorem 2.9 of [9] Shalen and Wagreich prove that if M is a
closed, orientable, irreducible 3-manifold such that rankH,(M,Z/pZ) > 4 for
some prime p, then m;(M) contains a free group of rank 2. The main result
of the present paper is that if M is a closed, orientable, irreducible 3-manifold
such that rankH,(M,Z/pZ) > 3 for some prime p, then either 7 (M) is virtually
solvable or it contains a free group of rank 2. Combining this with results of
Milnor (8] and Wolf [12], it follows that if M is a closed, orientable, irreducible
3-manifold such that rankH,(M,Z/pZ) > 3 for some prime p, then either 7 (M)
is virtually nilpotent or it has exponential growth. This sharpens Shalen and Wa-
greich’s Proposition 4.1. It also sharpens Turaev’s Remark 1.IV in [11]. There
it is stated that if rankH,(M,Z/pZ) > 3 for some prime p, then either (M) is
virtually nilpotent or for a finite set of generators of 71 (M) there is a real number

¢ > 1 such that for n large enough the number of elements in (M) of length at
most n exceeds c"/108(")
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The new ingredient in the present proof is the use of p-adic analytic groups.
Here is an indication of how this is done. Let I' = #1(M), and let p be a prime
as above. Let ' =T, and for n > 1 let

Fn-H = ((.’E,y)zp tT € F,y,z € F")’

lzy. It might be said that the I';’s form the p-adic lower

where (z,y) = =1y~
central series of I'. The indices on the I',’s are chosen to agree with the notation
of Lazard’s [5], which, unfortunately, does not agree with the notation of Shalen
and Wagreich’s [9], where I' = T'y. The argument proceeds to the point where it
may be assumed that I' contains neither a free Abelian group of rank 2 nor a free
group of rank 2. Results of Shalen and Wagreich lead to the further assumption
that rank(T'y, /Tp+1) = 3 for every n. After possibly replacing I' by I';, Lazard’s
[5] shows that the completion I of T with respect to the T'y's is a p-adic analytic
group of rank 3. A result in Baumslag and Shalen’s (1] is used to show that I’
embeds in I'. Thus after it is seen that the center of T is trivial, the adjoint
representation of I on the Lie algebra of I' gives a faithful finite-dimensional (in
fact 3-dimensional) representation of I' over a field of characteristic 0. The Tits
alternative is then used to complete the proof.

The first draft of this paper was written in ignorance of the paper [7] of Mess.
The main result of this paper follows from Propositions 1 and 3 of [7]. This paper
and [7] cover much the same ground, but [7] covers more. For example, under the
hypotheses of Theorem 1.1 below Proposition 3 of [7] states that either m; (M)
is virtually solvable or there exists a prime p such that M has finite covers M’
with rankH1(M',Z/pZ) arbitrarily large. The proofs in both papers use p-adic
analytic groups. Mess uses results of Lubotzky in [6], while the present paper
deals directly with Lazard’s [5].

Since the first draft of this paper was written the book [2] by Dixon, du Sautoy,
Mann and Segal appeared. It contains a fine exposition of the theory of p-adic
analytic groups, and it can be used in place of Lazard’s [5] for the purposes of
this paper. One such way to apply [2] is as follows. Lines (1.2) and (1.4) easily
show that {T', : n = 1,2,3,...} is a p-congruence system as in Definition 6.1 of
[2] for the group I' in (1.3). The argument preceding line (1.3) can be extended
to prove that the above p-congruence system is uniformly finitely generated as in
Definition 6.2 of [2). Theorem 6.3 of [2] now implies that I' has a faithful p-adic

linear representation.
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It is a pleasure for me to here acknowledge helpful conversations with Hyman
Bass, Jim Cannon and Bill Floyd.

1. The theorem and proof

THEOREM 1.1: Let M be a closed, orientable, irreducible 3-manifold such that
rankH,(M,Z/pZ) > 3 for some prime p. Then either m,(M) is virtually solvable

or it contains a free group of rank 2.

Proof: Set I' = m(M). Just as in the proof of Theorem 2.9 of [9], the proof will
separate into two cases depending on whether I' does or does not contain a free
Abelian subgroup of rank 2.

First suppose that I' contains a free Abelian group of rank 2. By Proposition
2.8 of [9], M is either a sufficiently large manifold or a Seifert fibered space.

Suppose that M is sufficiently large. Combining the Sphere Theorem, given
in Theorem 4.3 of [4], with the irreducibility of M shows that mp(M) = 0. Thus
Corollary 4.10 of [3] implies that I is solvable or it contains a free group of rank
2, as desired.

Suppose that M is Seifert fibered. According to Theorem 12.2 of [4], I' contains
an infinite cyclic normal subgroup A such that I'/A is a Fuchsian group. Thus
I'/A is isomorphic to a subgroup of the group of all isometries of the hyperbolic
plane. Since this latter group is isomorphic to the matrix group 0'(1,2),I'/A
satisfies the Tits alternative, Corollary 1 of [10], and so it easily follows that T
does also. This concludes the proof of Theorem 1.1 if I' contains a free Abelian
group of rank 2.

Henceforth assume that I' does not contain a free Abelian group of rank 2.
Furthermore, assume that I' does not contain a free group of rank 2. It must be
shown that T is virtually solvable.

Recall from the introduction that I’y =T and for n > 1 that

F""’l = ((z,y)z" ‘T E Fa Y,z € Fn)a

1zy. These subgroups of I’ are the same as those which

where (z,y) = z~ 1y~
appear in [9], but the indices do not agree.

Theorem 2.9 of [9] implies that rank(T'/T';) = 3. Lemma 1.3 of [9] implies that
rank(T'2/T'3) > 3. As in the first sentence of this paragraph, Theorem 2.9 of [9]

easily implies that rank(T'2 /T's) = 3 and I’ = (I'z)2.
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The following statement will next be proven by induction on n.
(12) rank(I‘n/F,.+1) =3 and Pn+1 = (Pn)z forn Z 1.

Since the proof of (1.2) has just been completed for n = 1 or 2, assume that
n > 2 and that (1.2) is true for n — 1: rank(T'n—1/T'z) = 3 and T'n = (Tn-i)2.
Observe that I'n_; satisfies all the above assumptions satisfied by I'. Hence
rank((Tpn-1)2/(Cn-1)3) = 3 and (Fp—1)3 = (Tn)2. Thus to prove (1.2), it
suffices to prove that I'yyq = (T'n)2.

It is clear that (I'y)2 € I'p41, so to prove that I'y 41 = (T'y)2, it suffices to prove
that T'py1 € (I'n)z. In turn it suffices to show that (z,v) € (T'y), for all elements
z € I' and v € T,,. Since I', = (I'n—1)2 by induction, it suffices to prove that
(z,(y,w)) € (Tn)2 and (z,y?) € (T'y)2 for all elements z € T and y,w € Tp_;.

First consider the assertion (z, (y,w)) € (I'n)2, where z € " and y,w € ;.
Set z = w¥ = y~lwy. Line (I.1.1.6.3) of [5] states that

(=¥, (¥, D))" (2, 2))(2", (z,¥)) = 1.

Since 2* € T'n—q and (z,y) € Tn = (Taz1)2, (25,(2,y)) € (Tn-1)s = (Tn)2.
Likewise, (y*,(2,2)) € (T'a)2. Thus (2¥,(y,2)) € (I'n)2. Thus (T',)2 contains

(=¥, (%,2))Y" = (z,(y,2%")) = (z,(y,w)), as desired.
Second consider the assertion (z,y?) € (I'y);, wherez € T and y € I',—;. Line
(I1.1.1.6.2) of [5] states that

(z,y2) = (z,2)(z,y)".

Hence
(2,4") = (z,y)(z,y" 1) .

Since (z,y?~!) € Ty, = (Tp-1)2, it follows that
(z,y”'l)” = (z, y”_l) mod (T'n-y)s.
Since (Tn-1)3 = (T'n)2,
(z,4") = (2,y)(2,y*~") mod (T'n)2.
Continuing in this way,

(z,yp) = (z,y)p =1 mod (Pn)2'
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This completes the proof of (1.2).

It 1s well-known and can be proven using commutator identities as above that
(T, Tn) € I'm4n for all positive integers m,n. Thus the sequence of subgroups
I'1,T2,Ts,... gives " the structure of a filtered group, as defined in (II.1.1) of [5)].
Let w denote the filtration function of I as in [5)].

Now let = be an integer with n > 2. Since (T'5,Tn) C T2p, I'n/Tayz is an
Abelian group. Since rank(['y/Tp41) = 3, rank(T'p41/Tnt2) = 3 and Tpyy =
(T,)z2, it easily follows that T',/Tute = (Z/p?Z)®. Thus if z is an element of T
with w(z) = n, then the image of z in 'y, /T'n 42 has order p?. Hence w(2?) = n+1.
Because T'; satisfies all the above assumptions satisfied by T', the discussion in

this paragraph gives the following by replacing I by I'; if necessary:
(1.3) w(z) > (p—1)"" and w(z?) = w(z) +1 for every z € I.

Replacing I" by I'; causes another small difficulty in notation. If such a replace-
ment is made, the filtration does not change — it is the filtration induced from
the original group. The notation of (II.1.1) of [5] will be maintained regarding
the subgroups I',. Thus although the I'y’s still form the p-adic lower central
series of T, their indices are shifted by 1.

In this paragraph it will be shown that 'y, = 1, namely,

(1.4) w(z) < oo for every nontrivial element  in T.

Corollary Al of [1] will be used to prove this. It shows that since I' is the
fundamental group of an irreducible, orientable 3-manifold and I' does not contain
a free Abelian group of rank 2, every infinite-index subgroup of I' generated by
at most 2 elements is free (of rank at most 2). Since I" does not contain a free
group of rank 2, this free group must in fact have rank at most 1. Now let z be
an element of I' with w(z) = oo and let y be an element of T' with w(y) < oo.
The subgroup (z,y)} of " generated by z and y has infinite index in I' because its
image in I'/T' is cyclic and rank(I'n /T'n41) = 3 for n > 2. Thus (z,y) is infinite
cyclic. However, the second assertion in (1.3) shows that the image of (z,y) in
I'/Tw is also infinite cyclic, and so the kernel of the canonical homomorphism
from (z,y) to I'/T'e must be trivial, namely, z = 1. This proves (1.4).

Observe that (1.3) and (1.4) imply that I is torsion-free. It easily follows that

(1.5) the center of I is trivial
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because any nontrivial element in the center of I and any element in I' not in
the subgroup generated by the first element generate a subgroup isomorphic with
72, which does not exist.

By Definition (II1.2.1.2) of [5], lines (1.3) and (1.4) show that T is a p-valued
group. Furthermore, it has rank 3 because rank(T',,/T'n+1) = 3 for n > 2. Thus
it is easy to see that the completion I' of I with respect to the I';’s is also p-
valued of rank 3. Line (1.4) implies that T' embeds in I". Proposition (I11.2.1.8)
of [5] shows that I' is p-saturated. Theorem (II1.3.3.2) of [5] now shows that
I' is a p-adic analytic group of rank 3. Section (IV.3.2) of [5] now associates
to [* a 3-dimensional Lie algebra. The adjoint representation of I' on its Lie
algebra obtains a 3-dimensional representation of I' over a field of characteristic
0. Line (1.5) easily shows that this representation is faithful. According to the
Tits alternative, either I" contains a free group of rank 2 or it is virtually solvable.

This completes the proof of Theorem 1.1. |

COROLLARY 1.6: Let M be a closed, orientable, irreducible 3-manifold such that
rankH, (M, Z[pZ) > 3 for some prime p. Then either mi(M) is virtually nilpotent

or it has exponential growth.

Proof: This is an immediate consequence of Theorem 1.1 and Theorem 4.3 of
[12] and the main theorem of [8]. 1

References

[1] G. Baumslag and P. Shalen, Groups whose 3-generator subgroups are free, Bull.
Austral. Math. Soc. 40 (1989), 163-174.

(2] J.D. Dixon, M.P.F. du Sautoy, A. Mann and D. Segal, Analytic pro-p Groups,
London Math. Soc. Lecture Note Series 157, Cambridge Univ. Press, 1991.

[3] B. Evans and L. Moser, Solvable fundamental groups of compact 3-manifolds,
Trans. Am. Math. Soc. 168 (1972), 189-210.

(4] J. Hempel, 3-Manifolds, Ann. of Math. Studies 86, Princeton University Press,
Princeton, 1976.

[5] M. Lazard, Groupes Analytiques p-adiques, I.H.E.S. Publications Mathematiques
No. 26, 1965.

[6] A. Lubotzky, A group theoretic characterization of linear groups, J. Algebra 118
(1988), 207-214.

[7] G. Mess, Finite covers of 3-manifolds, and a theorem of Lubotzky, preprint



Vol. 77, 1992 A SHARPER TITS ALTERNATIVE 271

(8] J. Milnor, Growth of finitely generated solvable groups, J. Diff. Geom. 2 (1968),
447-449.

[9] P. Shalen and P. Wagreich, Growth rates, Zy-homology, and volumes of hyperbolic
3-manifolds, Trans. Am. Math. Soc. 331 (1992), 895-917.
[10] J. Tits, Free subgroups in linear groups, J. Algebra 20 (1972), 250-270.

[11] V. Turaev, Nilpotent homotopy types of closed 3-manifolds, in Topology, Proceed-
ings, Leningrad 1982, Lecture Notes in Mathematics 1060, Springer-Verlag, Berlin,
1984, pp. 355-366.

[12] J. Wolf, Growth of finitely generated solvable groups and curvature of Riemannian
manifolds, J. Diff. Geom. 2 (1968), 421-446.



